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Recent experiments have demonstrated that the rotational-alignment for the N = Z nuclei in the
mass-80 region is considerably delayed as compared to the neighboring N 6= Z nuclei. We investigate
whether this observation can be understood by a known component of nuclear residual interactions.
It is shown that the quadrupole-pairing interaction, which explains many of the delays known in
rare-earth nuclei, does not produce the substantial delay observed for these N = Z nuclei. However,
the residual neutron-proton interaction which is conjectured to be relevant for N = Z nuclei is
shown to be quite important in explaining the new experimental data.
PACS: 21.10.Re, 21.60.-n, 23.20.Lv, 27.50.+e
The major advancements in the γ-ray detecting sys-
tems has made it possible for the first time to measure
the high-spin states of the N = Z nuclei, 72Kr, 76Sr and
80Zr [1,2], to a spin region where the rotational-alignment
of nucleons is normally expected. A comparison of the
new data with the neighboring N 6= Z nuclei shows that
the alignment is consistently and considerably delayed for
these N = Z nuclei. This delay cannot be explained [3]
using the cranked shell model approach which has been
a powerful tool for studying the high-spin phenomena.
The proton-rich mass-80 nuclei exhibit many phenom-
ena that are quite unique to this mass region. Unlike
the mid-rare earths and actinides that have a very stable
deformation, the structure changes are quite pronounced
among the neighboring nuclei in the mass-80 region. In-
deed, recent experiment [4] found much reduced transi-
tion quadrupole moments above the alignment process in
74Kr, indicating a dramatic shape change along the yrast
sequence.
For the N ≈ Z nuclei, there has been an open ques-
tion whether the neutron-proton (n-p) correlations play
a role in the structure analysis. The existence of n-p
pairing in nuclear systems, in particular in nuclei with
equal number of neutrons and protons, is one of the top-
ical issues. It has been demonstrated using the cranking
approaches in a single-j shell [5–8] that the rotational-
alignment properties will be modified by the residual
n-p interaction. In particular, it has been shown that
the rotational-alignment of nucleons will be delayed for
N = Z nuclei as compared to the neighboring N 6= Z nu-
clei. However, the models used in these studies are very
schematic and the results of these calculations cannot be
compared with the experimental data. It is also not very
apparent from these calculations which component of the
n-p residual interaction is responsible for the delay in the
rotational-alignment.
Recently, we have performed a systematic investiga-
tion for the yrast properties of the proton-rich Kr, Sr
and Zr nuclei [9]. The analysis was carried out using the
projected shell model (PSM) approach [10]. We calcu-
lated the N = Z,Z + 2 and Z + 4 isotopes and studied
their moments of inertia, transition quadrupole moments
and g-factors. Quantitative comparisons were made with
available data, and predictions were given for quantities
that were not measured. The variations along the iso-
topic and isotonic chains were attributed to the mixing
of various configurations of the projected deformed Nils-
son states as a function of shell filling.
A comparison of our PSM calculations in ref. [9] for
the three Kr-isotopes 72,74,76Kr is shown in Fig. 1, now
including the new data of 72Kr [1]. It is evident from the
figure that, although, a reasonable agreement can be seen
for 74Kr [4] and 76Kr [11] isotopes, a clear disagreement
in the plot of moment of inertia occurs for the N = Z
nucleus 72Kr. The calculated moment of inertia for the
yrast states of 72Kr shows a sharp backbend which is
in contradiction with the smooth curve obtained experi-
mentally. The experimental moment of inertia indicates
a slight upbend around h¯ω = 0.8 MeV. The rotational-
alignment is therefore significantly delayed as compared
to the neighboring 74,76Kr isotopes. It is known that
the rotational-alignment may be delayed in cases with
larger deformation, but this argument cannot be applied
here since both the theoretical calculations and the ex-
perimental low-spin transition energies suggest that the
deformation in 72Kr does not differ very much from those
of the neighboring 74,76Kr.
The purpose of the present paper is to explore how
the behavior of moment of inertia for 72Kr can be under-
stood in the PSM framework. In particular, we would
like to see whether the observation can be explained by
a known type of nuclear residual interactions. As men-
tioned earlier, the single-j shell models indicate that the
n-p residual interaction may be responsible for the de-
layed rotational-alignment observed in N = Z nuclei. We
would like to investigate the behavior of the moment of
1
inertia as a function of the strength of the n-p interaction
employed in the PSM approach.
The description of the PSM calculations for Kr-, Sr-
and Zr-isotopes can be found in ref. [9]. We would just
like to mention that in the PSM calculations for these
nuclei, three major shells (N = 2, 3, 4) for both neutron
and proton are used and the shell model space includes
the 0-, 2- and 4-quasiparticle (qp) states:
|φ〉κ =
{
|0〉 , α†niα
†
nj |0〉 , α
†
piα
†
pj |0〉 , α
†
niα
†
njα
†
piα
†
pj |0〉
}
,
(1)
where α† is the creation operator for a qp and the index n
(p) denotes neutron (proton) Nilsson quantum numbers
which run over the low-lying orbitals below the cut-off en-
ergy. The deformed single particles are generated by the
Nilsson calculation [12]. It is important to note that for
the N = Z nuclei under consideration, unperturbed 2-qp
states of α†niα
†
nj |0〉 and α
†
piα
†
pj |0〉 with the same config-
uration can occur pairwise as nearly degenerate states.
The Hamiltonian employed in the PSM calculation
contains the separable forces and can be expressed as
Hˆ = Hˆν + Hˆpi + Hˆνpi, where Hτ (τ = ν, pi) is the like-
particle pairing plus quadrupole Hamiltonian, with the
inclusion of quadrupole-pairing,
Hˆτ = Hˆ
0
τ −
χττ
2
∑
µ
Qˆ†µτ Qˆ
µ
τ −G
τ
MPˆ
†
τ Pˆτ −G
τ
Q
∑
µ
Pˆ †µτ Pˆ
µ
τ ,
(2)
and Hˆνpi is the n–p quadrupole–quadrupole residual in-
teraction
Hˆνpi = − χνpi
∑
µ
Qˆ†µν Qˆ
µ
pi. (3)
In Eq. (2), the four terms are, respectively, the spheri-
cal single-particle energy, the quadrupole-quadrupole in-
teraction, the monopole-pairing, and the quadrupole-
pairing interaction. The interaction strengths χττ (τ = ν
or pi) are related self-consistently to the deformation ε2
by
χττ =
2
3
ε2(h¯ωτ )
2
h¯ων〈Qˆ0〉ν + h¯ωpi〈Qˆ0〉pi
. (4)
Following ref. [10], the strength χνpi is assumed to be
χνpi = (χννχpipi)
1/2. (5)
Similar parameterizations were used in many of the ear-
lier works [13].
The interaction strengths in Eq. (2) are consistent with
the values used in the previous PSM calculations for the
same mass region [9,14]. The monopole pairing strength
GM is taken to be GM = [18.0− 14.5(N − Z)/A] /A for
neutrons and GM = 14.5/A for protons. The quadrupole
pairing strength GQ is assumed to be GQ = γGM , the
proportionality constant γ being fixed to 0.16.
The eigenvalue equation of the PSM for a given spin I
takes the form [10]
∑
κ′
{
HIκκ′ − E
IN Iκκ′
}
F Iκ′ = 0. (6)
The expectation value of the Hamiltonian with respect to
a “rotational- band κ”, HIκκ/N
I
κκ defines an unperturbed
band energy and when plotted as functions of spin I, it
is called a band diagram [10]. Valuable information can
often be extracted from the unperturbed bands before
the configuration mixing. For example, crossing of two
unperturbed bands near the yrast line is usually of par-
ticular interest. The results after band mixing depend on
how the bands cross (crossing with large or small cross-
ing angles) and how they interact with each other (types
of residual interactions) at the crossing region.
Band-crossings can be visualized in a band diagram,
for example, those between the ground-band (g-band or
0-qp band) with 2-qp bands usually consisting of the (de-
coupled) high-j particles. Delayed rotational-alignment
may be related to unusual types of interactions. The n-p
pairing is thought to be relevant here because one is deal-
ing with the N = Z systems. However, the quadrupole
pairing is also a type of residual pairing interaction used
in nuclear structure calculations [15], and it has been
known that this force can delay a rotational- alignment
process [16].
In ref. [17], it was demonstrated that the quadrupole
pairing force in the Hamiltonian of Eq. (2) is crucial to
shift the rotational-alignment in the rare earth region.
For the case 175Ta, by increasing the strength constant
γ from 0.16 to 0.24, a pronounced delay of rotational-
alignment was obtained, which successfully explained the
data. Ref. [18] further showed the systematic results for
a large number of Lu, Ta, Re and Ir isotopes, with the
overall agreement with data being very satisfactory. Gen-
erally, the larger the delay of crossings, the larger the
quadrupole pairing force. Thus, these results [17,18] sug-
gested that from the study of rotational-alignment, one
could extract information about the quadrupole pairing
interaction in the rotating systems.
In the present study, we would like to investi-
gate whether similar calculations with adjusting the
quadrupole pairing force can reproduce the observed
alignment delay in N = Z nuclei. In Fig. 2, we
show the results for 72Kr with various quadrupole pair-
ing strengths γ. In the calculations, γ is allowed to vary
from 0.16 to 0.28, and γ = 0.16 was the original value
used in calculations in ref. [9]. It can be seen that we have
obtained a delay in crossing frequency, but the amount
of delay is too small to explain the data. It should also
be emphasized here that a sharp backbend in the plot
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remains for all different values of γ, in a total disagree-
ment with the new data. Thus, we conclude that the
quadrupole pairing effect is not the primary source for
the delayed alignment in 72Kr.
Next, we would like to study the effect of the neutron-
proton interaction. As already mentioned, several theo-
retical calculations suggest that the residual n-p interac-
tion may be important in the discussion of the high-spin
phenomena in N = Z nuclei. Specifically for N = Z nu-
clei, the pairwise occurrence of neutron and proton 2-qp
bands in the band-crossing region suggests the neutron-
proton type interaction can be very important for these
nuclei. Together with the g-band, it constitutes a band-
crossing picture involving three bands. This is in con-
trast with the common picture of two-band crossing for
most cases in N 6= Z nuclei. The sharp backbend ob-
tained in the PSM approach using the standard param-
eters may suggest that the neutron-proton interaction
used is too weak. Here, we would like to investigate in
a purely phenomenological manner the influence of the
n-p interaction, through the n-p QQ term (see Eq. (3))
in the PSM, on the behavior of the moment of inertia. It
should be noted that the strengths of the proton-proton
and neutron-neutron QQ, χpipi and χνν in Eq. (2), are
still determined by the self-consistency condition, Eq.(4),
and we allow only changes in the n-p strength χνpi. The
standard strength of the n-p QQ given by Eq. (5) is
based on the assumption of the iso-scalar coupling. The
implication of our treatment here is that this assumption
may not be valid in general, and may be modified by the
residual n-p interaction.
The calculations for three N = Z nuclei 72Kr, 76Sr and
80Zr are presented in Fig. 3. For each of these nuclei, we
increase the strength χνpi by multiplying a factor α = 1.1,
1.2 and 1.3. A rather pronounced effect can be seen for
72Kr: the increase of the n-p interaction has a combined
effect of delaying crossing frequency and smoothing the
backbending curve. Eventually, the basic feature in the
data can be described when a strong n-p interaction is
used. On the other hand, effect of decreasing χνpi is also
shown in Fig. 3. Calculations with α = 0.8 give the
rotational- alignments at a lower frequency.
The two-fold effect of a stronger n-p interaction can
be clearly seen in the band diagram. When using the
factor α = 1.3, the rotational behavior of both neutron
and proton 2-qp bands are modified so that they cross
the g-band at a higher spin and with a smaller crossing
angle. In addition, the stronger n-p force acts between
the bands resulting in a smoother behavior for the yrast
states. We would like to mention that a stronger χνpi
which reproduces the new data for 72Kr will offset the
good agreement previously obtained for the N 6= Z nuclei
74,76Kr with the standard interaction strength.
For the other two N = Z nuclei 76Sr and 80Zr in Fig.
3, it can been seen that the effect of the n-p interaction
for the band-crossing region seems to have an isotonic
dependence. It is observed that increasing the strength
χνpi by the same amount for
76Sr and 80Zr does not lead
to the same pronounced effect as in 72Kr. In fact, varying
the factor α from 1.0 to 1.3, we obtain similar smooth
curves as our original one [9] for 76Sr, which has already
reproduced data well.
It is remarkable that for 72Kr these rather different
rotational-alignment features are obtained as a result
of different emphasis on the neutron-neutron, proton-
proton, and neutron-proton interactions. Therefore em-
pirically increasing the strength of the n-pQQ interaction
appears to mimic the experimental trends and simulates
the expected enhanced correlations in the np-channel for
these N = Z nuclei.
In principle, the residual n-p interaction which is sup-
posed to be important for the N = Z systems should be
of pairing type. It has been known from several mean-
field studies (see, for example, [19]) that the n-p pairing
is non-zero for N = Z nuclei and vanishes for N 6= Z nu-
clei. However, the n-p pairing contains pairs of higher
angular-momenta [8] apart from J = 1 pairs. These
higher angular-momentum pairs will have a significant
particle-hole contribution and may modify, for example,
theQQ interaction used in the PSM Hamiltonian. There-
fore, increasing the strength of the QQ in the n-p inter-
action term, as has been shown in the present work, has
a physical origin. It is interesting to see here that the
n-p pairing term tends to renormalize the QQ interac-
tion for N = Z nuclei only, since for N 6= Z nuclei any
changes will destroy the good agreement obtained with
the standard interaction strength.
In conclusion, the new experimental data on the N =
Z nuclei in the mass-80 region have clearly indicated that
the rotational-alignment is substantially delayed for these
nuclei. This delay cannot be explained using the stan-
dard interaction in the projected shell model approach,
which has worked well in the high-spin description for a
broad range of nuclei. The quadrupole-pairing interac-
tion, which explains many of the delay in the rotational-
alignment for N 6= Z nuclei, does not produce the sub-
stantial delay observed in the present N = Z exam-
ples. It has been shown that the n-p residual interac-
tion may be responsible for this delay. Our calculations
have clearly demonstrated that increasing the strength
of the n-p interaction term in the two-body Hamiltonian
significantly delays the rotational-alignment. However,
to make a quantitative comparison with the experimen-
tal data, the renormalization of the interaction for the
N = Z nuclei has to be obtained by employing explicitly
the n-p pairing term as a residual part in the Hamilto-
nian. This work is now under progress and the results
will be published in the future.
The authors wish to express their thanks to Dr. C.J.
Lister for stimulating discussions and a careful reading
of this manuscript with valuable suggestions.
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FIG. 1. Moments of inertia ℑ(1) = 2I−1
E(I)−E(I−2)
(h¯2/MeV )
as function of ω2 with ω = E(I)−E(I−2)
2
(MeV/h¯). Theoreti-
cal results with the standard interaction in the PSM are com-
pared with the experimental data. The experimental data are
taken from ref. [1] for 72Kr, ref. [4] for 74Kr, and ref. [11] for
76Kr.
FIG. 2. Moments of inertia ℑ(1) = 2I−1
E(I)−E(I−2)
(h¯2/MeV )
as function of ω2 with ω = E(I)−E(I−2)
2
(MeV/h¯). Theoretical
results with various quandrupole pairing strengths are com-
pared with the 72Kr data. The experimental data are taken
from ref. [1].
FIG. 3. Moments of inertia ℑ(1) = 2I−1
E(I)−E(I−2)
(h¯2/MeV )
as function of ω2 with ω = E(I)−E(I−2)
2
(MeV/h¯). Theoretical
results with various n-p interaction strengths are presented
together with the experimental data for three N = Z nuclei,
72Kr, 76Sr and 80Zr. The experimental data are taken from
ref. [1].
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